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Let p>1, :0, and . # L(R) & L1(R) change its sign finite times. This paper is
concerned with a Cauchy problem
{ut=uxx+: |u|
p&1 u
u(x, 0)=.(x)
in R_(0, T),
in R.
Define the set of zeros of a solution u by Z(t)=[x # R : u(x, t)=0] for t>0. In the
case of :=0, we show that the set Z(t) is contained in [&Ct, Ct] for large t>0
with some C>0 and that this order of t is best possible. When :>0, we also give
estimates of Z(t) for global solutions and prove that Z(t)/[&K, K] for all
t # (0, T ) with some K>0 for each blowup solution, where T is the blowup time.
 2001 Academic Press
1. INTRODUCTION
In this paper, we are concerned with a Cauchy problem
{ut=uxx+: |u|
p&1 u
u(x, 0)=.(x)
in R_(0, ),
in R,
(1.1)
where p>1, :0 and . # L(R) & L1(R). We may assume that :=0 or
:=1 by treating :1( p&1)u instead of u if necessary.
In the case of :=0, the movement of hot spots and spatially critical
points of positive solutions with initial data having compact support was
investigated in detail in [2, 8, 13]. Here the sets H(t) and C(t) of hot spots
and of spatially critical points of a solution u are defined as
H(t)=[x # RN : u(x, t)=max
y # RN
u( y, t)],
C(t)=[x # RN : {xu(x, t)=0].
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Their results told that there are T>0 and x(t) # RN such that C(t)=
H(t)=[x(t)] for tT and x(t) converges to the barycenter of initial data.
In [8], they also studied the case of the half space or exterior domain with
various boundary conditions. However it seems that there is no result on
the asymptotic behavior of zeros of sign-changing solutions more generally.
Denote by Z(t) the set of zeros of a solution u of (1.1), that is,
Z(t)=[x # R : u(x, t)=0] for t>0. For a function h on R with h0, we
define the number of sign changes z(h) by the supremum of j such that
h(xi) } h(xi+1)<0, i=1, 2, ..., j
for some &<x1<x2< } } } <xj+1<+. The first purpose of the
present paper is to show the following result, which quite differs from
the above results for positive solutions with initial data having compact
support.
Theorem 1.1. Let . # L(R) & L1(R) with z(.)< and u be the solu-
tion of (1.1) with :=0 with initial data .. Then the set Z(t) of zeros of u
is included in [&C0 t, C0 t] for sufficiently large t>0 with some positive con-
stant C0 . Furthermore there exist  # L(R) & L1(R) with z()< and a
zero x(t) of the solution of (1.1) with initial data  such that x(t)C1 t for
sufficiently large t> with some C1>0.
When :=1, there are two possibiblities for solutions of (1.1), that is, the
blowup in finite time and the global existence in time. Here a solution u is
said to blow up at t=T if |u(t)|   as t  T, where | } | denotes the
supremum norm. The problem on blowup phenomena for (1.1) has been
studied by many authors. In particular, there are many results for solutions
of (1.1) with constant sign. Roughly speaking, if a solution of (1.1) has
constant sign, then whether the solution blows up or not depends on the
value of p and the decay order of initial data .(x) as |x|  . However the
behavior of a sign-changing solution is strongly affected by its zeros in
addition to the above conditions (see [11, 12]). It seems that the reason
why there are only a few results on sign-changing solutions of (1.1) is that
the standard comparison theorem does not work effectively to such a case.
Furthermore the possibility that a curve x=x(t) of zeros of a solution
tends to \ as t  t0 with t0 # (0, ) makes the situation complicated.
On the other hand, some properties of the set of zeros of solutions for
{vt=vxx+ f (x, t) vv(x, 0)=.(x)
in R_(0, T ),
in R,
(1.2)
where T>0, . # L(R) and | f (x, t)|g(t) in R_[0, T ) with a bounded
function g(t) on [0, T], were investigated in [1, 3, 4, 9]. It is well-known
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that the number of points in Z(t) is less than or equal to z(.) for t # (0, T )
by the above literatures. In [3], when some curves of zeros of a solution
u for (1.2) vanish at some (x0 , t0) # R_(0, T ), the asymptotic behavior of
those curves near (x0 , t0) was precisely given. In [10], the author proved
that any zero of a solution for (1.2) with z(.)< never goes to \ at
each time, which is applicable to solutions of (1.1) with :=1 except for
blowup time. However some zero may go to \ at blowup time, since the
uniform boundedness of f (x, t) on R_[0, T] is assumed in [10]. Further-
more the above results were concerned with local properties of zeros and
gave no information on the asymptotic behavior of zeros of a global solu-
tion of (1.1) with :=1 to t  . Our second purpose is to prove the
following results.
We denote by H 1\(R) the space of functions f satisfying
|
R
( f 2x+ f
2) \(x) dx<,
where \(x)=exp(x24), equipped with norm
& f &=\|R ( f 2x+ f 2) \(x) dx+
12
.
Theorem 1.2. Let . # H 1\(R) with z(.)< and u be the global solution
of (1.1) with :=1 with initial data .. Then the set Z(t) of zeros of u is
included in [&C0 tk, C0tk] for sufficiently large t>0 with some positive con-
stants C0 , k1.
Corollary 1.1. Suppose that p{1+2( j+1) for any nonnegative
integer j. Let . # H 1\(R) with z(.)< and u be the solution of (1.1) with
:=1 with initial data .. If (t+1)1( p&1)+14 u(t)  0 in H 1\(R) as t  ,
then Z(t)/[&C0 t, C0t] for sufficiently large t>0 with some C0>0.
Moreover, if p>3, there are an initial data  # H 1\(R) with z()< and a
zero x(t) of the solution of (1.1) with :=1 with initial data  such that
x(t)C1 t for sufficiently large t>0 with some C1>0.
In Section 3, we give a necessary condition for a solution u of (1.1) with
:=1 to converges to 0 faster than (t+1)&1( p&1)&14 in H 1\(R) as t  .
Zeros of self-similar solutions of (1.1) with :=1 behave as Cj t12 for all
t>0 with several constants Cj . Theorem 1.2 and Corollary 1.1 show that
there is a global solution whose behavior is essentially different from those
of self-similar solutions.
We say that a # R is a blowup point of a solution u for (1.1) with :=1
if u is not locally bounded near (a, T ), and the set of blowup points is
called the blowup set of u.
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Theorem 1.3. Let . # L(R) & L1(R) with z(.)< and u be the solu-
tion of (1.1) with :=1 with initial data . which blows up at t=T. If the
blowup set of u is compact, then there exists K>0 such that Z(t)/[&K, K]
for all t # (0, T )
It was shown in [6] that the blowup set is compact if initial data belong
to H1(R).
This paper is organized as follows: We prove Theorem 1.1 in the next
section. In Section 3, we show Theorem 1.2 and Corollary 1.1 based on
results of the previous section. Section 4 is devoted to the proof of
Theorem 1.3.
2. PROOF OF THEOREM 1.1
We first prepare the following result obtained in [10].
Lemma 2.1. Let U be a solution of the heat equation in (0, ) under the
Dirichlet boundary condition at x=0 with initial data . # L(0, ). If . is
nonnegative and not identically equal to zero in [0, ), then it holds
U(x, t)b(t) x exp \&x
2
4t+ for (x, t) # (0, )_(0, ),
where
b(t)=
1
(4?t)12t |

0
.( y) y exp \&y
2
4t+ dy.
We denote by .+ and .& the positive and the negative part of .,
respectively, i.e.,
.+(x)=max [.(x), 0] and .&(x)=max [&.(x), 0].
Let U\ be the solution of the heat equation in R with initial data .\ ,
respectively.
Lemma 2.2. Suppose that . # L(R) & L1(R) satisfies z(.)< and
.(x); exp(&#x2) for x>0
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with some positive constants ;, #. Then for x, t>0 it holds
(i) U+(x, t)
;
(4?t)12
exp \&x
2
4t+ {\
?t
4#t+1+
12
+
t
4#t+1
}
x
t=
(ii) U&(x, t)|.& |1 }
1
(4?t)12
exp \&x
2
4t+ ,
where | } |1 denotes the norm in L1(R).
Proof. First U+ is written as
U+(x, t)=
1
(4?t)12 |R .+( y) exp \&
(x& y)2
4t + dy
in R_(0, ). Using
exp \xy2t+1+
xy
2t
for x, y>0
and the assumption, we have
U+(x, t)
;
(4?t)12
exp \&x
2
4t+
} {|

0
exp \&\ #+ 14t+ y2+ dy+
x
2t |

0
y exp \&\ #+ 14t+ y2+ dy=
for x, t>0. Hence it holds
U+(x, t)
;
(4?t)12
exp \&x
2
4t+ {\
?t
4#t+1+
12
+
t
4#t+1
}
x
t=
for x, t>0.
We next see
U&(x, t)=
1
(4?t)12 |
0
&
.&( y) exp \&(x& y)
2
4t + dy
=
1
(4?t)12 |

0
.&(&z) exp \&(x+z)
2
4t + dz

1
(4?t)12
exp \&x
2
4t+ |

0
.&(&z) dz
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for x, t>0, which implies
U&(x, t)|.& |1 }
1
(4?t)12
exp \&x
2
4t+
for x, t>0. This completes the proof. K
Lemma 2.3. Suppose that  # L(R) & L1(R) satisfies z()<,
(x)=&; exp(&#~ x2) for x0
with some positive constants ; , #~ and
|

0
+( y) e y dy<.
Then for x, t>0 it holds
(i) if x<2t, then
U+(x, t)|

0
+( y) e y dy }
1
(4?t)12
exp \&x
2
4t+
(ii) U&(x, t)(; (4?t)12) exp (&x24t) {\ ?t4#~ t+1+
12
&
t
4#~ t+1
}
x
t= .
Proof. First U+ is written as
U+(x, t)=
1
(4?t)12 |

0
+( y) exp \&(x& y)
2
4t + dy.
If 0<x<2t and y>0, then
exp \xy2t+<e y
and hence
exp \&(x& y)
2
4t +<exp \&
x2
4t+ e y.
Therefore the assertion (i) follows.
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We next have
U&(x, t)
1
(4?t)12 |
0
&
&( y) exp \&(x& y)
2
4t + dy
=
1
(4?t)12 |

0
&(&z) exp \&(x+z)
2
4t + dz.
Since
exp \&xz2t+1&
xz
2t
for x, z, t>0,
we have for x, t>0
U&(x, t)
;
(4?t)12
exp \&x
2
4t+
} {|

0
exp \&\#~ + 14t+ z2+ dz&
x
2t |

0
z exp \&\#~ + 14t+ z2+ dz=
=
;
(4?t)12
exp \&x
2
4t+ {\
?t
4#~ t+1+
12
&
t
4#~ t+1
}
x
t = .
This completes the proof. K
Proof of Theorem 1.1. We may suppose that .0 in (0, ) and .>0
in a neighborhood of zero. Then it is immediate that
U(x, t)cc exp \&x
2
4t+
in [0, 1]_(0, t0) for some c, t0>0. By Lemma 2.1 and the comparison
theorem, we have
U(x, t)b(t) x exp \&x
2
4t+
b(t) exp \&x
2
4t+
in [1, )_(0, t1) for some t1>0. Hence we get
U(x, t2)min[c, b(t2)] exp \& x
2
4t2 +
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in [0, ) for some t2 # (0, min[t0 , t1]). Therefore we may assume without
loss of generality that
.(x); exp(&#x2) in [0, ) (2.1)
for some ;, #>0 by taking U(t2) as initial data.
Applying Lemma 2.2, there exists C>0 such that if xCt and t>0 is
sufficiently large, then U(x, t)>0. On the other hand, choose  in Lemma
2.3 as initial data. Let V be the solution of the heat equation in R with
initial data . Taking m>0 sufficiently small, if 0 +( y) e
y dy is suf-
ficienlty small, then V(mt, t)<0 for sufficiently large t>0 from Lemma 2.3.
This completes the proof. K
3. PROOF OF THEOREM 1.2 AND COROLLARY 1.1
We begin this section by reviewing some results in [11]. Setting
v( y, s)=(t+1)1( p&1) u(x, t)
with x=(t+1)12 y and t=es&1, (1.1) with :=1 is written as
{vs=vyy+
y
2
vy+
1
p&1
v+|v| p&1 v in R_(0, ),
(3.1)
v( y, 0)=.( y) in R.
It is trivial that u is a global solution of (1.1) with :=1 if and only if v is
a global solution of (3.1). According to Lemma 3.2 in [11], if v is a global
solution of (3.1), then v(s) is uniformly bounded in H 1\(R). Since H
1
\(R) is
compactly embedded in L(R), if u is a global solution of (1.1) with :=1,
then there is K>0 such that |u(t)|K(t+1)&1( p&1) for t>0.
Let L be a linear operator defined by
Lv=vyy+
y
2
vy+
1
p&1
v.
Let *j be the j th eigenvalue of L in H 1\(R) for j=0, 1, 2, } } } . It was stated
in [11] that
*j=
1
p&1
&
j+1
2
for j=0, 1, 2, } } } .
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Hence we easily see that
*j>0 if 1<p<1+2( j+1),
{*j=0 if p=1+2( j+1),*j<0 if p>1+2( j+1).
From the theory of infinite dimensional dynamical system in H 1\(R) ([1],
[7]), when p{1+2( j+1) for any j0, if v(s)  0 in H 1\(R) as s  ,
then there exists *>0 such that &v(s)&=o(e&*s) as s  . Namely, if
(t+1)1( p&1)+14 u(t)  0 in H 1\(R) as t  , then there exits C>0 such
that |u(t)|LC(t+1)&(1( p&1)+*) for t>0. If p>3, then * j<0 for all
j0, so zero is stable. Hence if initial data is sufficiently small in the norm
of H 1\(R), the corresponding solution v of (3.1) converges to zero in H
1
\(R)
as s  .
Proof of Theorem 1.2. Let u be the global solution of (1.1) with :=1.
We may assume without loss of generality that initial data . satisfies (2.1)
in the proof of Theorem 1.1. Then there is K>0 such that |u(t)|
K(t+1)&1( p&1) for t>0. Define
h(t)=exp \|
t
0
|u(s)| p&1 ds+ for t>0. (3.2)
Put V(x, t)=U+(x, t)&h(t) U&(x, t), where U\ are the solution of the
heat equation in R with initial data .\ , respectively. By the comparison
theorem, it holds
u(x, t)V(x, t) for x, t>0. (3.3)
It follows from Lemma 2.2 that there is C, k1 such that V(x, t)>0 for
xCtk and sufficiently large t>0. This completes the proof together with
(3.3). K
Proof of Corollary 1.1. In this case, the function h(t) defined in (3.2) is
bounded by a positive constant by the statement in the begining of this sec-
tion. Hence the first half of this corollary follows from the proof of
Theorem 1.2.
Let p>3. Since zero is stable, we can choose a positive constant r such
that the solution v0 of (3.1) with initial data 0( y)=r exp(& y24) con-
verges to 0 in H 1\(R) and hence L
(R) as s  . Take  # H 1\(R) as in
Lemma 2.3 satisfying |(x)|0(x) in R. Let u and v be the solution of
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(1.1) with :=1 and (3.1) with initial data , respectively. Then, the
comparison theorem yields
|v( y, s)|v0( y, s) in R_(0, ),
which implies that there are *, C>0 such that
|u(t)|C(t+1)&(1( p&1)+*) for t>0.
Thus h(t) is bounded by a positive constant.
Put W(x, t)=h(t) U +(x, t)&U &(x, t), where U \ is the solution of the
heat equation in R with initial data \ , respectively. By the comparison
theorem, we see
u(x, t)W(x, t) for x, t>0.
Then it follows from Lemma 2.3 that if m>0 and 0 +( y) e
y dy are suf-
ficiently small, then W(mt, t)<0 for sufficiently large t>0. This completes
the proof. K
4. PROOF OF THEOREM 1.3
This section is devoted to the proof of Theorem 1.3.
Lemma 4.1. Let . # L(R) and suppose that there are positive constants
C, s0 such that
.(x)C exp \& x
2
4s0+ for x>0.
Let U\ be a solution of the heat equation in R with initial data .\ , respec-
tively. Then for (x, t) # (0, )_(0, ) it holds
(i) U+(x, t)(C2)(s0(2t+s0 ))12 exp(&x22s0 )
(ii) U&(x, t)|.| exp(&x24t).
Proof. We first write U+ as
U+(x, t)=
1
(4?t)12 |R .+( y) exp \&
(x& y)2
4t + dy
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for (x, t) # (0, )_(0, ). It follows from the nonnegativity of .+ and the
assumption that
U+(x, t)
C
(4?t)12 |

0
exp \& y
2
4s0+ exp \&
(x& y)2
4t + dy
=
C
(4?)12 |

0
exp \&(x+t
12z)2
4s0 + exp \&
z2
4 + dz

C
(4?)12
exp \& x
2
2s0+ |

0
exp \&\ t2s0 +
1
4+ z2+ dz.
Here we used
(x+t12z)22(x2+tz2)
to get the last inequality in the above. Hence it holds
U+(x, t)
C
2 \
s0
2t+s0+
12
exp \& x
2
2s0+
for (x, t) # (0, )_(0, ).
Since .& #0 in (0, ) by the assumption, we have
U&(x, t)=
1
(4?t)12 |
0
&
.&( y) exp \&(x& y)
2
4t + dy

1
(4?t)12
exp \&x
2
4t+ |
0
&
.&( y) exp \&y
2
4t+ dy
|.| exp \&x
2
4t+
for (x, t) # (0, )_(0, ). K
We are in a position to prove Theorem 1.3.
Proof of Theorem 1.3. We may assume without loss of generality that
initial data . is nonnegative and not identically equal to zero for suf-
ficiently large x>0. Let u be a solution of (1.1) with :=1 which blows up
at t=T. We may suppose that the largest blowup point of u is negative.
From a well-known result in [5], there is K0>0 such that
|u(x, t)|K0(T&t)&1( p&1) in R_(0, T). (4.1)
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Put K1=K p&10 and take positive constants q, t0 with q<min[1K1 , 1]
and t0>128T(q+128). According to Theorem 1.2 in [10], there is d>0
such that
u(x, t)>0 in [d, )_(0, t0]. (4.2)
Since the largest blowup point of u is negative, there exists M>0 such that
|u(x, t)|M in [d, )_[t0 , T ). (4.3)
Set (x)=u(x, t0) for x # R and u~ (x, t)=u(d+x, t) for (x, t) # (0, )_
(0, t0]. Then there is ;>0 such that u~ (x, t0); for x # [0, 1]. It is trivial
that
u~ (x, t0); exp \& x
2
4t0+ for x # [0, 1].
By the comparison theorem and Lemma 2.1, we get
u~ (x, t0)b(t0) x exp \& x
2
4t0+
b(t0) exp \& x
2
4t0+
for x1. Putting C0=min[;, b(t0)], we see
u~ (x, t0)C0 exp \& x
2
4t0+ for x>0,
which implies
(x+d )C0 exp \& x
2
4t0+ for x>0. (4.4)
The solution u of (1.1) with :=1 is written as
u(x, t0+t)=
1
(4?t)12 |R ( y) exp \&
(x& y)2
4t + dy
+|
t
0
1
(4?(t&s))12
} |
R
|u( y, t0+s)| p&1 u( y, t0+s) exp \&(x& y)
2
4(t&s) + dy ds
(4.5)
for (x, t) # (0, )_(0, ).
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In order to evaluate the second term of the righthand side of (4.5), we
put
|
t
0
1
(4?(t&s))12 |R |u( y, t0+s)|
p&1 u( y, t0+s) exp \&(x& y)
2
4(t&s) + dy ds
=I1+I2 , (4.6)
where
I1=|
t
0
1
(4?(t&s))12 |

x2
|u( y, t0+s)| p&1 u( y, t0+s) exp \&(x& y)
2
4(t&s) + dy ds
and
I2=|
t
0
1
(4?(t&s))12 |
x2
&
|u( y, t0+s)| p&1 u( y, t0+s) exp \&(x& y)
2
4(t&s) + dy ds.
We first evaluate I1 . Putting
h(t)=K1 |
t
0
1
T&t0&s
ds
and
v(x, t)=eh(t)U&(x, t),
where U\ is a solution of the heat equation in R with initial data \ ,
respectively, we see
v(x, t)=\ T&t0T&t0&t+
K1
U&(x, t) in R_(0, T&t0).
Moreover v satisfies
{vtvxx+|u(x, t0+t)|
p&1 v
v(x, 0)=&(x)
in R_(0, T&t0),
in R
from (4.1). By the comparison theorem, it holds
u(x, t0+t)&v(x, t) in R_(0, T&t0). (4.7)
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For x>d we have
U&(x, t)=
1
(4?t)12 |R &( y) exp \&
(x& y)2
4t + dy
- 2 |& | exp \&(x&d )
2
8t +
since &( y)=0 for yd. Hence we have
u(x, t0+t)&- 2 |& |  \ T&t0T&t0&t+
K1
exp \&(x&d )
2
8t + (4.8)
in (d, )_(0, T&t0) from (4.7). Putting Ds=[ y # (x2, ) : u( y, t0
+s)<0], it follows from (4.3), (4.8) that for x>2d and 0<s<t<T&t0
|

x2
|u( y, t0+s)| p&1 u( y, t0+s) exp \&(x& y)
2
4(t&s) + dy
|
Ds
|u( y, t0+s)| p&1 u( y, t0+s) exp \&(x& y)
2
4(t&s) + dy
&|
Ds
|u( y, t0+s)| p exp \&(x& y)
2
4(t&s) + dy
&M p&q[- 2 |& | (T&t0)K1]q (T&t0&s)&K1q
} |

x2
exp \&q( y&d )
2
8s + exp \&
(x& y)2
4(t&s) + dy.
Thus for x>2d and 0<t<T&t0 we obtain
I1&M p&q[- 2 |& |(T&t0)K1]q
} exp \&q(x&2d )
2
32t + |
t
0
(T&t0&s)&K1q ds
&
M p&q(- 2 |& | )q
1&K1q
(T&t0) exp \&q(x&2d )
2
32(T&t0)+ . (4.9)
Using (4.1), we next obtain
I2&K p0 |
t
0
1
(4?(t&s))12
(T&t0&s)&p( p&1) |
x2
&
exp \&(x& y)
2
4(t&s) + dy ds
&- 2K p0 |
t
0
(T&t0&s)&p( p&1) exp \& x
2
32(T&t0&s)+ ds
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in (0, )_(0, T&t0). Take r1>4d such that
(T&t0&s)&p( p&1) exp \& (1&q) x
2
32(T&t0&s)+1 in [r1 , )_(0, T&t0).
Then it holds
I2&- 2K p0(T&t0) exp \& qx
2
32(T&t0)+ (4.10)
in [r1 , )_(0, T&t0). Substituting (4.9) and (4.10) into (4.6) yields
|
t
0
1
(4?(t&s))12 |R |u( y, t0+s)|
p&1 u( y, t0+s) exp \&(x& y)
2
4(t&s) + dy ds
 &C1(T&t0) exp \& qx
2
128(T&t0)+ (4.11)
in [r1 , )_(0, T&t0) for some positive constant C1 .
Since (x+d) satisfies the assumption of Lemma 4.1 by (4.4), it follows
from Lemma 4.1 that
U+(d+x, t)
C0
2 \
t0
2t+t0+
12
exp \& x
2
2t0+
and
U&(d+x, t)||  exp \&x
2
4t+
for x, t>0. Thus we have
U+(x, t)
C0
2 \
t0
2t+t0+
12
exp \&(x&d)
2
2t0 +

C0
2 \
t0
2t+t0 +
12
exp \& d
2
2t0+ exp \&
x2
2t0+ (4.12)
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in [d, )_(0, ). It also holds
U&(x, t)|| exp \&(x&d )
2
4t +
|| exp \& x
2
16t+ (4.13)
in [2d, )_(0, ).
Combining (4.12) and (4.13) yields
1
(4?t)12 |R ( y) exp \&
(x& y)2
4t + dy

C0
2 \
t0
2T&t0+
12
exp \& d
2
2t0+ exp \&
x2
2t0+
&|| exp \& x
2
16(T&t0)+ (4.14)
in [2d, )_(0, T&t0).
Substituting (4.11) and (4.14) into (4.5) yields
u(x, t0+t)
C0
2 \
t0
2T&t0+
12
exp \& d
2
2t0+ exp \&
x2
2t0+
&|| exp \& x
2
16(T&t0)+&C1(T&t0) exp \&
qx2
128(T&t0)+
in [r1 , )_(0, T&t0). Since t0>128T(q+128), we have
u(x, t0+t)
exp \& x
2
2t0+
} _C02 \
t0
2T&t0 +
12
exp \& d
2
2t0+&[ ||+C1(T&t0)] exp \&
x2
2t0+&
in [r1 , )_(0, T&t0). Here there is r2r1 such that
C0
2 \
t0
2T&t0+
12
exp \& d
2
2t0+&[ || +C1(T&t0)] exp \&
x2
2t0+>0
for xr2 . Therefore we obtain
u(x, t0+t)>0 in (x, t) # [r2 , )_(0, T&t0). (4.15)
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It follows from (4.2) and (4.15) that
u(x, t)>0 in [r2 , )_(0, T).
This completes the proof. K
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